THE SCHWARZ-PICK LEMMA OF HIGH ORDER 
IN SEVERAL VARIABLES 
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Abstract. We prove a high order Schwarz-Pick lemma for mappings between 
unit balls in complex spaces in terms of the Bergman metric. From this lemma, 
Schwarz-Pick estimates for partial derivatives of arbitrary order of mappings 
are deduced. 
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1. Introduction 

Let B„ be the unit ball in the complex space C" of dimension n. The unit disk in 
the complex plane is denoted by ID. For z = {zi, ■ ■ ■ , z„) and z' ^ {z[, ■ ■ ■ , z'^) S C", 
denote (z, z') ~ ziz[ + • • • + Zn'z^ and \z\ — (z, z)^!"^ . 

A multi- index a = (ai, • • • of dimension n consists of n non- negative in- 

n 

tegers ctj, I < j < n, the degree of a multi-index a is the sum \a\ — '^aj, 
and we denote a! = ai!---Q!„!. For z = (zi,-- - , z„) G C" and a multi-index 

n 

a — (ai,-- - ,q;„), let z" = 11 -^j"^- ^ holomorphic function / on B„ can be 
expressed by /(z) — ^a^z". For two multi-indexes a = (ai,-- - and v = 

a 

{vi, ■ ■ ■ ,Vn), let v" — v"^ , ■ ■ ■ Note that w"'' = 1 if vj = aj = 0. Let ri„,m 

be the class of all holomorphic mappings / from ]B„ into B,„. For / G f^n.m, if 
/ = (/i.-- - ,fm), .fj{z) = for j = I,-- - ,TO, we denote /(z) = X^^a^", 

a a 

where = • • • , 

For / G the classical Schwarz-Pick lemma says that 

l/'WI < 1 



l-|/(z)P - l-|zP 

holds for z G D. Recently, the above inequality has been generalized to the deriva- 
tives of arbitrary order by some authors MSZ.IZhllDP] . The best result was proved 
in [DP] . It was proved that 



holds for / G ili.i, A: > 1 and z G D. The equality in (1.1) may be attained if z = 0, 
and the equality statement has been established. If fc > 1 and z ^ 0, (1.1) is a 
strict inequality. 
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Chen and Liu |ChLj generalized (1.1) by proving the following Schwarz-Pick 
estimate for partial derivatives of arbitrary order of a function / e fln,i- 



ai"i/(z) 



dzi'"K..dz„^" 



holds for any z € B„ and multi-index w = (ui, • • • , u„) ^ 0. 

On the unit ball B„, the Bergman metric Hz{f3,l3) may be defined by 

(1 - \z\'^y 

Commonly, there is a factor (n + l)/2 in the definition of the Bergman metric. In 
spite of ambiguity, we use the same notation for Bergman metrics in unit balls of 
different dimensions. This metric is invariant under the automorphism group of 
Mn- For / g r2n,m, the Schwarz-Pick lemma is formulated in terms of the Bergman 
metric (see |Chj ): 

Hf^,){f'{z)(3J'{z)P)<H4l3,l3) for z e B„, /3 e C". (1.3) 

Here, f'{z) is the Jacobian matrix of the mapping / at the point z, i.e., f'{z) = 
{dfj{z)/dzk)i^j^„^ i<fc<n' we identify a point in complex space with a column 
matrix (column vector) so that f'{z)/3 is the product of two matrixes. (1.3) is 
precise, the equality holds for mappings in the automorphism group of B„ if m = n. 

The purpose of this paper is to generalize (1.3) to the high order Frechet deriva- 
tives of mappings in ftn.m as was done in [DP' for the classical Schwarz-Pick lemma. 
For f & i^n m, k > 1, z £ Mn, the Frechet derivative of / at z of order k is defined 

by 

a\ OZ-: ■ ■ ■ ozn 

\oi\—k 

where /3 G C„. Dk{f,z,l) = f^'^^z) when n = m = 1. With this notation, our 
main result is expressed as follows: 

Theorem: Let f e ^In.m- Then, for A; > 1, z e B„ and /? e C" \ {0}, we have 
Hf(,)(Dk{f,z,l3), Dkif,z,P)) 



(1.4) coincides with (1.1) or (1.3) if n = rn = 1 or = 1 respectively. Note that 
the factor preceding {Hz{l3, (3))'' is increasing with |(/3, z)| from to \z\. 

As a consequence, we deduce from (1.4) a Schwarz-Pick estimate for partial 
derivatives of a mapping / e fln.m- 



9l-l/(. 



< 



• dZn" 



ai-i/(. 



vl{l + \z\) 



v\-l 



(1 



dzi' 

|z|2)lH_ 



■ dzZ" 



(1.5) 
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holds for any multi-index v = {vi,--- ,Vn) ^ and z e 
/ G wc have 



In particular, if 



dzl^ ■ ■ ■ dzl- 



< 



(1.6) 



The equalities in (1.5) and (1.6) may be attained if z = and the equality statement 

is given. (1.6) is much better than (1.2) since the factor ("^j"']"^) is canceled, 

v\ < \v\l and /v^ < nl"'/^ (the equality holds if and only if wi = • • • = w„). 

For radial and normal partial derivatives, we have estimates more precise than 
(1.5) and (1.6). For / € rin,i, we prove that 



ai"i/(z) 



dzi' ■ ■ ■ dzi- 



< 



^-^vlfi{z) 



l-\fiz)\' 



(1 - |z|2)(t'l + |f|)/2 



(1.7) 



holds for any multi- index v = (vi, • • • , w„) ^ and z = (zi, 0, • • • , 0) G B„, where 
/i(z) = (1 + Izl)!"!^"'^ if vi = \v\, and ii{z) is the sum of terms Cj\z\^ with j < vi in 
{l + \z\)\"\-\ 



2. Some lemmas 
The following results are known [^. For a point a in a unit ball, let 

a - PaZ - ^Jl - \a\^QaZ 



1 — (z, a) 



where PaZ = {z,a)a/{a,a), QaZ — z — PaZ. Note that Po{z) — 0. Then, ipa is 
injective and maps the unit ball onto itself. 



and 



ipa{0) = a, Ifiaia) = 0, (pa='fia^, 



V^'M = -i^-\a\')Pa-{l-\a\Y^'Qa, 



1 



rPa- 



1 



l-|a|2^" (1- |a|2)i/2^"- 
Lemma 1. If f{z) = J^o-az" e 



holds for l3 G 



Further, 



< 1 



holds for any multi-index v = (wi, • • • , u„) ^ 0. As a consequence, we have 



\av\ < 



\v\\v\ 



(2.1) 



(2.2) 



(2.3) 



Further, if vj ^ for j = 1, ■ ■ ■ ,n, then the equality in (2.3) holds only if Ua = 
for a ^ V. 
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Proof. Let /3 = • • • , /?„) e 9B„ be fixed. For < cr < 1, we have 

{^T^r Jo Jo 



W^Jo "Jo 



(2 



j=l a a 

Letting cr ^ 1 gives (2.1). Thus, for given v = (wi,-- - 7^ 0, letting /3j = 
^/vj/\v\ for j = 1, • • • , n in (2.1), we obtain (2.2). The lemma is proved. □ 

In the above proof, in order to get the best estimate (2.3) for a„, we deduce 
(2.2) by choosing /3j — \/vj/\v\ in (2.1), since the maximum = y^j^M 

attained when (3j = \/vjJ\v\ for j = 1, • • • ,n. 

Lemma 2. If f{z) = ^Oa-z" € ^n,m, then 



E 

fe=0 



E 

\a\=k 



< 1 



holds for P e dMn. 
Proof For ^ G (9B„, let 



(2.4) 



h{x) = fm = E E ""Z^" p'' ^ e 

fe=0 \|a|=fc / 

Then, /i(D) e B™. Using (2.1), we obtain (2.4). The lemma is proved. 



□ 



Lemma 3. Let k > 2 be a positive integer and f{z) = (fa{bz^) + g{z) for z 
where a e M^, b G dM^ 



k — l oo 

5(^) = EE«"'=+i-^"'^' 

is a holomorphic mapping o/D into C™. // |/(z)| < 1 for z S D, then g{z) = 0. 
Proof. Since [5(2) | < 1 + \i^a{bz^)\ < 2, by Lemma 1, we have 

k — l 00 

^^|a„fe+jf <4. 
Thus, for J = 1, 2, • • • , fc — 1, every component of the mapping 



71=0 



is in the Hardy class and, consequently, for almost every ( G 9D, the radial 
limit lim gj{z) exists for all j. Let ( be such a point and A = (pa{bC''). Obviously, 



THE SCHWARZ-PICK LEMMA 



5 



A e dMm- Denote w = e27ri/fc^ p^^. [ — i^. . . ^ fc^ have 

fe-l k-l 

\im f{Jz) = iPaibC'') + V lim Oj(w'^) = A + Vw'^ lim Oj(^), 
and, since /(B) C B^, 



fe-i 

l + 5^w'-'(lim.9,(z),A) 



< 



lim f{LO^z) 



< 1. 



For / = !,••• , /c, let 



^; = ^a;'^(limOj(0),A). 

Then, |1 + < 1 and, consequently, ReAi < for / = 1, • • • ,k. However, 

k—l k—1 fc— 1 



1=1 



fc-i 



fc-i \ 



fe-i 



= E {^rn gj{z),\)J2^'' = - ^(liin A) = -^fc. 

i=i V 1=1 I j=i 

Thus, ReAk = 0. Noting that |1 + < 1 we conclude that A/- = 0, i.e., 

fe-i 

5^(limo,(^),A)=0. 

z^C 

3 = 1 



Thus, 



1 > 



lim /(z) 



fe-i 

A + ^ lini5j(z) 



fc-i 
E 



lim (7(z) 



This shows that the radial limit of every component of g{z) is equal to at almost 
every ( e 9D. According the general theory of spaces, we conclude that g{z) = 
0. The lemma is proved. □ 

3. The partial derivatives at the origin 
Theorem 1. Let f{z) = ^Oc-z" € iin,m- Then, 



2 




2 


+(i-i«on 








\a\=k 





i|a|=*; / 

/lo/ds /or k > 1 and (3 G 9B„ . 

Proof. Let A; > 1 and /? S (9B„ be given. If oq = 0, (3.1) is a consequence of (2.4). 
Now, assume that oq ^ 0. Let 



Kz) = \Y.f{e''-^"^z). 



1=1 
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Then, h{z) G ^n,m, h{0) = ao, and 

oo 

h{z) = ao + ^ ^ Uaz". 

rn—1 lal—mk 

Let (j) = fao ° h. Obviously, (j) G ^n,m and <j){Q) = 0. We have 



1 - {h{z),aQ) 



-(ao/|aoP) ^ ^ {aa,ao)z'' 

m=l |a|=mfe 



m=l |a|=mA; m=l |c«|=TOfe 

1 I ('^c(,ao)ao 

-l-(M.),ao)^^ l.t^ ll + Vl-|«oP 



. 1 y 



(aa,ao)ao 



|a|=fe 

Thus, using (2.4), we obtain 



/ m=2 |a|=mfe 



1 



E 

|a|=fc 



(aa/3",ao)ao 



(l-|aoP)2 
A simple calculation gives 

(aQ/3",ao)ao 



1 + Vl-|ao|2 



+ Vl-|«o|2a„/3" 



< 1. 



S r 



+ "v/l - |aoPao 



E|a|=fe"«^", ao) |ao| 



E '^"^^ 

\a\=k 



+ 



l + Vl-|aoP 



5^a„/3", ao) +(l-|aon 

\|a|=fe 

This shows (3.1). The theorem is proved. 
Theorem 2. Let f{z) = X^aa-^^" S ri„^j„- T/ien, 



E 

|a|=fe 



Ka„ ao)|' + (1 - |ao|^) |a,|' < ^(1 - laol^)^. 



□ 



(3.2) 
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holds for any multi-index v ^ 0. Further, if the equality holds for some v 
{vi, - ■■ , Vn) with Vj ^ for j = 1, - ■ ■ ,n, then 



f{z) = ao 



1 I {av,ao}z 



- = ao + Oyz'" + • 



(3.3) 



Conversely, ifv^O, ao G and a„ G C™ satisfy the equality in (3.2), then the 
mapping f expressed by (3.3) belongs to ^n,m- 

Proof. Let v = {v\, - ■■ , Vn) ^ be given and k = \v\. As in the proof of the above 
theorem, consider h and </>. Let 



bv = - -. 



1 



(a„,ao)ao 



\/l - laopa,; . 



l-|aoP + |ao| ^ 

Using Lemma 1 to the function (j), by (2.3), we have < 1 and 

(a,„, ao)ao 



1 + Vl-|ao| = 



< ^ 1- ao 

v" 



2\2 



The same calculation as in the proof of the above theorem gives 



(a^,ao)ao 
1 + Vl-|ao| 



\{ay, ao)|^ + (1 - laoP) \avf ■ 



This shows (3.2). 

Now, let the equality in (3.2) holds for some v = (vi,--- ,?;„) with Vj ^ 
for j = ,n. If ao = 0, then \ayfv'' l\v^''\ = 1, the equality in (2.3) holds 

and, consequently, f{z) = OyZ" . This shows (3.3). In the case ao ^ 0, we have 
Ife^l^u^/lull"! = 1. Then, the same reasoning shows <f)(z') = byz'" and, consequently, 



h{z) = ipaaibyz") = 
Note that 



{by,ao) = - 



1 - {by,ao)z'" 
{ay,ao) 



(3.4) 



l-|ao|2" 

Replacing (6^,ao) in (3.4) by (3.5), by a straightforward calculation, we obtain 

nlz) = ao H -, r-n-. 

If A; = 1, f{z) = h{z) and (3.3) is true. In the case A; > 2, we have f{z) 

^aoibyZ") + g{z) with 

A; — 1 oo 

^(-) = EE E 

j=l m=0 \a\=mk+j 



(3.5) 
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Let < 6*1, • • • ,0n< 2tt be fixed. For A e D, define 
V'(A) = / {e^'^V^X/^/^, • • • , e^'-V^X/^/W\) 



fc— 1 OO 



j=l m=0 \ |a|=mfe+j 



(c«iei+---+a„6l„) 







Using Lemma 3 to ■0, we fiave 

PmASl,--- ,0n)= «aV^e^("i«i + -+ 

\ot\=mk+j 

for j = 1, • • • , fc — 1 and m = 0, 1, • • • . Note that tlie above equality holds for 
arbitrary ^i, • • • , Thus, for any multi-index a' with \a'\ = mk+j, 1 < j < fc — 1, 
m > 0, we have 



(2 



WJo" Jo 



Pmj{Oi,- ■ ■ , 0n)d9i ■■■d0„=O. 



It is proved that = for any multi- index a with \a\ = mk + i, 1 < J < fc — 1, 
m > 0. Then we obtain f{z) = h{z) and (3.3) is proved again. The last conclusion 
of the theorem is easy to verify. The theorem is proved. □ 

Remark 1. Define 

f{z) = aifiZi + ao^2zl = zi + ^zl, for z = {zi, Z2) e B2. 

It is easy to verify that / G ^2,1- Let v = (1, 0). We have ao = 0, a„ = 1. v, Oq, and 
ay satisfy the equality in (3.2), but f(z) is not expressed by (3.3). This example 
shows that the condition Vj ^0 for j = 1, • • • , n in the second part of the above 
theorem cannot be omitted. 



Corollary 1. Let f{z) = aaz" G i^n,m- Then, for any multi-index v ^0, 

a 

\av\ < 



ifm> 2; and 



k|<V^(i-N') 



if m = l or, more general, XiOq + Ma^ = with Ai, A2 € C. 

4. The Schwarz-Pick lemma of high order 

First we consider mappings from the unit disk into a unit ball Mm- The following 
theorem is the special case that n = 1 of our general Schwarz-Pick lemma of high 

order. 



Theorem 3. Let f € ^i,m- Then, 

\{f(>'){z),f{z))\' + {l-\f{zW'\z)f< 
holds for fc > 1 and ^ e D. 



fc!(i-i/(^)n 



(1-|Z|2) 



2\k 



+ W 



\k-l 



(4.1) 
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Proof. Let ^ G ID and a positive integer k be fixed. We consider g = f o ip^ S ^i,m, 
where 



Let g{z) = X^Qz' with ci = (ci,;, • • • , Cm,i) for / = 1, 2, • • • . Then cq = /(C) and, 

1=0 

by (3.2) for n = 1, 



|(q,co)P + (1-|co|2)|qP<(1-|co|T 

holds for ; > L 

It is easy to verify that 



(4.2) 



Let 



_ j 0, Z < j; 

I (i-lCP)' (i-j)!0-i)!' 



(-l)J'e'' ^ fc!(fc- 1)! 



' (l-|C|2)fc(fc-j)!(j-l)!- 
Since / = g o tp^, we have 

/W(0 = ^c,A„ 
and, using (4.2) and the Schwarz inequahty, 



^Aj{cj,co} 

k k 



+ (l-|co|') 



|2\ 



< 5^ 5] i^,ii(c„co)|2 + (1 - Icon E i^^-i E 1^. 

3=1 j=l 

= El^.lEl^.l(l(ci,co)|2 + (l-|co|2)| 

2 

<(l-|co|T lEl^^l' 



On the other hand 

k 



S-lA I- ^' V (fc-l)!|CI'=-^^ 



(i-i^P)'=^(fc-i)!(i-i)! (i-ien' 

This shows (4.1). The theorem is proved. 

Corollary 2. Let f € r2i,m- Then, for k> 1 and 2; G D, 

i/.H.)i<Ml_^;wiT^a+M,'-.; 



:(l + l£l) 



fe-1 



□ 
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and 

+ A2/('=)(z) =0 with Xi,X2 e C. 



Remark 2. In |DP) . the authors proved that (1.1) is asymptotically sharp in the 
sense that for any two points z, ui e D, there exists a holomorphic function fz^w on 
D, such that fz,w{z) = w, fz,wO^) C D, and 

If^jz)] ^ fc!(l + |z|)'=-i 

»™D(1-|/,,^(Z)|2) (l-|z|2)fe 

holds for any positive integer k. In the same way, we can construct examples of 
mappings to show (4.1) is also asymptotically sharp. For fixed points ^ G D \ {0}, 
arg^ = 0, and w S B„ \ {0}, let 6 = -(1 - |u;P)/|m;|, and define 

gw{z) = r^p^-TT- = + + ^1^1^^ + b\w\^^^ + •••), 

\w\ 1 — \w\z 

and 

fw[z)=gw{-e - — =- 

Then, /^(^) = w, and 



+ (1 - i^(e)p)i/i'^(OP _ \0m' 



k\ ^ |u.|^-i(fc- l)!|e|'^-^' 



2 



Thus, 



lim 



v(l-|CP)'=^i (t;-l)!(fc-t;)! 

\{f^^\i),uo)? + {i-\uo?)\0m'' 



(1-|/»(0I 



2^2 



^ /7 -iMI/^lA' — 7t \ / 7 I \ 2 



fe-1 



lv(i-l?P)'-it(«-i)!(fc-«)7 Ui-I^IT^ '^'^ 

Now, we are ready to prove our main result. 
Theorem 4. Let f E ^n,m- Then, 
Hf^z){Dk{f,z,P), DkU,z,(3)) 

holds for k > 1, P £ C" \ {0} and z G B„. Further, in the case n < m, the equality 
in (4.3) holds for k — 1, some z = ^ G B„, and any f3 € C", i.e., 

i^/(C)(/'(^)/3,/'(0/3)=i?«(/3,/3) (4.4) 
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holds for any P G C", ifandifF'{0) = <>?/(^) (0) satisfies F' {Q) F'(0) = 

/, where I is the identity matrix of n x n, and 



/(.) = /(oW^ + ^^™^l m.-o- (4.5) 



1/(01^ 



Proof Let fc > 1, /3 = (/3i, •••,/?„) e C" \ {0} and ^ = (^i, B„ be given. 

First assume that 13 G 9B„. We consider the disk 

A = {C e C : 1^ + CPf = 16 + PiCf + --- + \^n + PnC\^ < 1}. 

To make the equation of A clearer, let ?7 be a unitary matrix such that Uf3 = 
(1,0,- •• ,0)^. Denote = rj = (??i,--- ,rin)^. Here we identiiy a point in C" 
with a column matrix of n x 1 . Since 

le + C/3p = \u{i + C/3)P = \m + C\' + \V2\' + --- + \vn\', 

we have 

A = {CeC:|r?i+C|'<l-|r/2|' \Vn\^}. 

Thus, if we set cr = (1 - \r]2\^ \Vn\'^y^^, 7 = o"/?, and 

C = auj-r]i, z = L{u))=^ + uj'y-r]iP, 

g{uj) = f{L{uj)) is a holomorphic mapping from U into Bm. 

Using (4.1) to the mapping g and the point lo = uj' = rii/a, we have 



lig^^Hw^giu'))]' + (1 - \g{oj'r)\g('^Huj')\' < 



fc!(l-|g(a;Op) 



Note that 5(w') = /(C), = 1^1, = (C,/?) and 

a2 = l-|r;p + hir = l-|^r + |(/3,C)r, 



(1-|^P + I(/3,0P)^/' 



'|2 



By the chain rule. 



\a\=k 



a\ dz^^ ■ ■ ■ dz^" 



Thus, 



i|a|=fc 



dz^' ■■■dz" 



+ (1-1/(01') 



E 



<fc!'(l- 1/(01 



2\2 



(l-lep)2 



|a|=fc 



! Sz^^i • • • 



(i-iep + i(/3,e)P)i/^ 



2(fc-l) 



(4.3) is proved for z = ^ and any /3 e (9B„. For a general (3, we may consider 
since (4.3) is homogeneous for 13. (4.3) is proved completely. 

Now assume that n < m and (4.4) holds for any /3 G C". Consider F = Vf{^) o 
/ o (pj. By the invariance of the Bergman metric, Ho{F'{0)(3,F'{0)(3) = Ho{P,l3), 
i.e., |F'(0)/3| = holds for any /3 e C". This shows that the m x n-matrix 
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F'(0) satisfies -F'(O) F'{0) = I, where / is the identity matrix of n x n. Note that 
F'{0) = ¥'/(5)(/(0)/'(Ov'j(0). Thus, for z e B„, F{z) = F'{0)z and 

(4.6) 



f{z) - ^/(^) (^^(e)(/(O)/'(O^e(0)^«(^) 

Using the formulas for (pa at the beginning of Section 2, we have 

/ K^Wi{^m{z) i-{z,C) ' 

1 - \i? Ai - (1 - \f{i)?Y'^)m'f'mz - 



/(€) + 



(V/(€)(/(0)/'(0<P|(0)</'€W>/(0)=- 



(4.7) 



^/(«)('^/(£)(/(o)/'(o<^ao)^i(^)) = 



■m)- (4.8) 



i/(OP(i-(^,o)(i-i/(c)P) 

(4.5) follows from (4.6), (4.7) and (4.8). Conversely, if A = ¥'/(j)(/(0)/'(0<<'€(0) 
satisfies A A = I and (4.5) holds, then 

f{z) ^ ^^(5) {^'f(^Q{.nO)f'Wii^)niz 

and, by the invariance of the Bergman metric, 

= //o(^^a^)/3'M(5)/?) = iMiOPf = Him' 

holds for any /3 G C". The theorem is proved. 



□ 



5. SCHWARZ-PiCK ESTIMATES FOR DERIVATIVES OF ANY ORDER 



On the basis of Theorem 4, we can deduce an estimate for partial derivatives of 

arbitrary order of mappings in r2ri,m- 



Theorem 5. Let f € 

9l^l/(z) 



dzl' ■■■dz 



Then, 



d\^\f{z) 



dzi' ■ ■ ■ dzi- 



< 



(l-|z|2)MJ ■ ^^--^^ 

/loMs /or any multi-index v = [vi,--- ,Vn) and z G Mn- In particular, if 
f € fin.i; then (5.1) becomes 



dzl^ ■ ■ ■ dzi^ 



< 



V V- ^-^' + 1^1^ (1-|^|2)M- 



(5.2) 
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Proof. Let v — {vi, ■ ■ ■ ,w„) ^ and ^ G B„ be given, and k — \v\. By (4.3), 



E 

\a\—k 

where 



Define 



k d'^fiO v° 
a\ dz^' ■ ■ ■ dz^" \v 

A = k\{l + \^\) 

ki d^fio 



E 



k a^f(a 



|a|=fe 

i-\f{0? 



a! dz-^'-'-dz^- \v\ 



2\k ■ 



\\a\=k 



a\ dz^' ■ ■ ■ a^^" ' 



^E 



= ^(1- 1/(01 E 



fc! d'^fiO 
A^^\a\dz'l----dz'r, 



a! a^i"^ • • • dz^" 



\a\=k 

and (j) = {g,h). Using (2.2) to which is a holomorphic mapping from B„ into 

and satisfies |0(2;)P < 1 for z G B„, we have 



E 

|a|=fc 



fc! 9^(0 



, a! • • • az. 

In particular, 

'fc! d^fio 



(1-1/(01') 



fc! a'=/(o 



T^, /(O 



+ (1-1/(01' 



, ?;! ^z]'^ • • • 

This shows (5.1) and the theorem is proved. 
Theorem 6. Let f G fln,m- Then, 
d\-\f{z) 



a\ dz^' ■ ■ ■ dz^ 
fc! 9^^/(0 



\v\\<^\ 



v\ dzl' ■ ■ ■ dzl" 



< 



□ 



dzl' ■■■dz 



< 



n I 

v\ii(z) 



+ (i-|/(^)P) 
i-|/(^)P 



ai"i/(z) 



dzi'---dzi- 

-I 2 



(1 - |z|2)(''i + IH)/2j (^-^^ 

holds for any multi-index v = {vi, - ■ ■ , u„) ^ anrf z = (zi, 0, • • • , 0) e B„, where 
Ijl{z) = (1 + Izl)!""!^^ if vi = \v\, and /i(z) is the sum, of terms Cj\z\^ with j < Vi in 
(1 + |z|)l'"l~^. In particular, if f G ^n,i, then (5.3) becomes 



d\^\f{z) 



dzl-'-'-dzl- 



< 



-v\ii[z) 



l-l/(^)p 



(1 _ |^|2)(«i + |v|)/2' 



(5.4) 



Proof. Let w = (m, • • • , ■(;„) ^ and ^ = (^i, • • • , $n) € B^ be given, vi = \v\, (5.3) 
follows from (5.1). Now assume that v\ < \v\. Let fc = and 

g{z) = f{ip^{z)) = ^CaZ". 

a 

Then, Co = /(O and, by (3.2), 



{Ca, Co)|' + (1 - |CoP) \Caf < 



a" 



-(l-|co| 



2\2 



(5.5) 
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holds for any multi-index a ^ 0. Thus, wc have 



where 



For a multi-index a, denote a = {ai,a') with a' = {a2, ■ ■ ■ , Q!„). Then, it is easy 
to see that 



dzi^ ■ ■ ■ dz^- 

Thus, letting 
we have 



'==^ I + v\{k-iy. rv'-v' n<rv, <,), 

)!(ai-l+|t;'|)!' " t',"^ui^i'l- 



a' + v'; 

a' 7^ v', ai > Vi; 
.1 



A. = 



v\{k-l)\ 



J (1 _ |^|2)(,;i+|^|)/2 _ _ 1 + |^;/|)! ' 

d'^fiz) 



dzl^ ■ ■ ■ dzl" 



2=€ j=o 

and, by the Schwarz inequality and (5.5), 

2 



dzl^ ■ ■ ■ dzl" 



(1-1/(01') 



dzl^ ■ ■ ■ dzl" 



j=0 



+(i-icon 



Vl Vl 



j=0 

Vl Vl 



< E i^ii E \^Mcj,v',co)f + (1 - icoi') E E i^^n^^>' 



3=0 j=0 



j=0 j=0 
2 



Here, we use the obvious inequality -^s- ^ yv if o^j Vj for j = 1, • • • ,n. Note 
that 



Ei^.-i = 

j=0 



■kl)/2 E 



(1 _ |^|2)(.i+|.|)/2 (^^ _ _ 1 + i^'i)! 



v\ ^ (fc-l)!kl' 

(l_|^|2)(«i + |^|)/2Z^/!(jt_l_;)! 



(5.3) is proved. (5.4) follows from (5.3) directly and the proof is complete. □ 

Remark 3. Let a multi-index v = (wi, • • • , Vn), ^ = (Ci, 0, • • • , 0) e B„ and w G C 
be fixed. Define 

l-Wy'\v\\'"\/v''z'" 
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and f ^ go (p^. Then, g e f7„,i, / G ri„,i, /(^) = w, and 



= W - (1 - l^n^^^^M/^^" - UJ(1 - |w|2)(|„|l-l/i;-)z2- , 



-(i-kr) 



-ti! 



I . 



a^r • • • dz^- 



t;" (1 _ |^|2)(«i+|»;|)/2- 
This shows that the estimate (5.4) is precise up to a constant less than 21"!"^. 
Remark 4. If vi = \v\ = k, (5.4) becomes 



d^fiz) 



dz'l 



< fc!(l + |^|) 



k-l 



(1-|Z|2) 



2\k 



(5.5) is also a consequence of (5.2). For given ^ = (^i,0, 
w G C \ {0}, let 6 = arg^ — argw and defined 



(5.5) 

, 0) G B„ \ {0} and 



for z = (zi, • • • ,z„) G B„, 



1 + we 

and f — g ° Then, g G 0„,i, / G On.i, /(O = and 

5(z) = u; + (1 - \w\^)e-'^zi - w{l - \w\^)e-^'^zl + w^l- Iw^e-^'^zf + . 
Thus, for any positive integer fc, we have 



d'^fiz) 



dz^ 



{l-\w\'')^w^-^e- 
i=i 



d'' ( (6 - 



dzt V(l-Ci2i)J 



fc!(l - |wp) >^ (fc - l)!e-J^^wJ-if 



j=i 



(j~l)!(fc-j)! 



k\{l-\w\ 



■E 



i-i|t|fc-j 



(fc-i)H^-^ICI 

(l_|^|2)fe|^|^fe ^ (j-_l)!(fc_j-)! 



(l-|^|2)fe|u;|^fe 



■(H + I?l) 



fe-i 



and, consequently, 



f{z)/ dzW 



J-HoD 1 - |/(C)p 



fc!(l + |e|)'-^ 
(l-|e|2)'= • 



This shows that (5.5) is asymptotically sharp. 



16 



SHAOYU DAI, HUAIHUI CHEN AND YIFEI PAN 



References 

[Ch] H. H. Chen, Boundedness from below of composition operators on Bloch spELces, Science in 

China (Chinese), Series A, (4) 33 (2003), 289-296. 
[ChL] Z. H. Chen and Y. Liu, Schwarz-Pick estimates for bounded holomorphic functions in the 

unit ball of C", Acta Math Sinica Engl Scr, 5(2010), 901-908. 
[DP] S. Y. Dai and Y. F. Pan, Note on Schwarz-Pick estimates for bounded and positive real 

part analytic functions. Proceedings of the American Mathematical Society, (2) 136 (2008) , 

635-640. 

[MSZ] B. Maccluer, K. Stroethoff, and R. H. Zhao, Generalized Schwarz-Pick estimates, Proceed- 
ings of the American Mathematical Society, 131 (2003), 593-599. 
[R] W. Rudin, Function theory in the unit ball of C", Spring- Verlag New York Inc., 1980. 
[Zh] M. Z. Zhang, Generalized Schwarz-Pick Lemma, Acta Mathematica Sinica, Chinese Series, 

(3) 49 (2006), 613-616. 

Department of Mathematics, Nanjing Normal University, Nanjing 210097, P.R.China 
E-mail address: dymdsy@163.com 

Department of Mathematics, Nanjing Normal University, Nanjing 210097, P.R.China 
E-mail address: hhchen@njnu.edu.cn 

School of sciences, NanChang University, Nanchang 330022, P.R.China 

Department of Mathematical Sciences, Indiana University - Purdue University Fort 
Wayne, Fort Wayne, IN 46805-1499 

E-mail address: pan@ipfw.edu 



